MA 508 Name:

Solution to Test 2 Dec. 4, 2006.

1 [25 pts]. Solve the difference equations with the initial value:

1‘1(/€ + 1) = 2$1(l€) + .%'Q(k),
CCQ(I{Z + 1) = 561(]{3) + 2%2(]{3),
1‘3([6 + 1) = xg(k) + 2.%'3(]?),
z1(0) =1,
22(0) =2,

\ 333(0) =4

Solution. First write the difference equations in vector form z(k + 1) = Axz(k)
where

2 1 0
A=11 2 0
01 2

Then the solution of given initial value problem is given by x(k) = A*z(0). In order
to compute A*, we need to factor into the form A = PJP~! where J is in the
Jordan canonical form. After computations, we find that the eigenvalues of A are
A1 =1, A =2 and A3 = 3. Then we find the eigenvectors of A belonging to A1, Ao
and \g are

1 0
pP1 = 1 ) b2 = -1 5 b3 = 0 )
1 1

respectively. Let P = [pl D2 pg]. Then

100 1 0 0
J=10 2 of, A*=1{0 2¢ 0
0 0 3 0 0 3*

Let P~'x(0) = ¢ so that Pc = z(0) and then using the Gaussian eliminations to
solve this system and find

o
I
N — QO

Therefore, we have

1 3 1 1 3k+1 0
w(k) = PJ*P~1w(0) = PJ e = 3pi1+52°pa+ 03" ps = 3 |1 42571 | =1 +=— 10
1 1 1



2 [25 pts]. Let J = Ji 0 where
0 Jo
in LY
le 0 3 1 y J2:
00 3 0 0 21
0 0 0 2
Find J1°.

Solution. We first write J; = 31 + Ny and Jy = 21 + Ny where
010 0 01

Ny=10 0 1|, NZ=1(0 0 0|, N}=o,
00 0 000
and
0100 00 1 0 0 0 1
oo 10 , 0001 5 0000 4
NM=10 001" ™ looo0o|" M= |oo oo M0
0000 0000 000 0
Then
10 .29 a8
109 310 10.3% 45.3

J110:(3[+N1)10:(3[)10+10(3I)9N1+T(31)8N12: 0 39 10-3°,
0 0 310

and
10 - 10-9-
J3¥ = (21 + No)'% = (21)'° +10(21)? N, + %(2{)81\52 + w@[ﬂNS
210 10-29 45.28 120.27
o 2 10-27 45.28
—]0 0 210 10-29
0 0 0 210
Thus,
310 10-39 45.3% 0 0 0 0
0 310 10-37 0 0 0 0
0 0 0 3100 0 0 0
Jlo—[é Jw}— 0 0 0 2% 10-2° 45.2% 12027
2 0 0 0 0 210 10-29 45.28
0 0 0 0 0 210 10 -29
L 0 0 0 0 0 0 210

3 [25 pts]. Solve the initial value problem of 2’ = Az and z(0) = z( where

1 01 1
A=12 3 0], zo= |1
0 01 1



Solution. We note that from the solution 3 (b) of Test 1 we find A = PJP~! where

-1 5 0 110
Pp=|1 0 1|, J=1]0o 10
0 -1 0 0 0 3
Hence,
et tel 0
e/t=10 € 0
0 0 &
_3
2
Using the Gaussian eliminations to solve Pc = x(0) one finds that ¢ = | —1| Thus,
5
2
—(2 +t)e
x(t) = eMz(0) = Pe!'P~12(0) = Pellc = [p1 P2 p3] —et
§e3t
2
-1 3 0
3 2 )
= —(§+t)et 1| —€|o0 —|—§e3t 1
0 -1 0
1 11
4 [25 pts]. Let L(x) = Ax where A= |—-1 1 0].
1 11
(a) Find the range of L.
(b) Find an orthogonal basis for range L.
1
(¢) Find the closest vector in range L to the vector [2].
3

Solution. (a) We use R(L) to denote the range of L. Note that R(L) is equal to
the span of the columns of A. Using Gaussian eliminations one finds that a basis
for R(L) consists of the first two columns of A. Thus,

1 1
R(L) = span {x1,x2} := span —11, (1
1 1

(b) Use the Gram-Schmidt method to orthogonalize z; and z9. We let u; = x1 and

1 1

(22,u1) 1 9
2 =11 =2 =1 == |4
1 9

(u,u1)

t2 =t 305 3

Hence, u; and ug form an orthogonal basis for R(L).



1
(c) The closet vector to z := |2| in R(L) is the orthogonal projection of z in R(L):
3

1 2 1

2 16 2 2
v = (w,u1) n (2, u2) wy= o+ Bus =2 |—1| +2 4| =21
(ul,ul) (UQ,UQ) 3 9 3 1 3 9 1

5 [Bonus 10 pts]. Let A = [a;;] be a 3 X 3 matrix.
(i) Show that (Az,e;) = (x, Ale;) for any x € R?
(ii) Show that (Az,y) = (z, Aly) for any =,y € R3.



