MA 508 Name:
Solution to Test 1 October 30, 2006.

1 [20 pts]. Let W = {A : A € R?*2 and trace A = 0}.

(a) Show that W is a subspace of R?*2,
(b) Find a basis for W.

Solution. (a) Note that the matrix A € W is in the form A = (Z b > Let A;

and Ay in W such that A; = (al b ) and Ay = (“2 b2 ) Then A; + Ay =
c1 —aq C2 —a2
ay -+ ay b+ b2 so that A1 + Ao € W. Let « be any scalar and A € W.
c1+c2 —(ar + as)

aa ab
ac —oa

a b 1 0 01 0 0
(b) Note that A = <C —a> =a <0 _1> +0 <O 0> —1—0(1 O)' Thus, W =
span S, where
g_ 1 0 01 0 0
N 0 —1/°\0 0/’\1 0/ /"
It can be easily check that S is a linearly independent set. Hence, S is a basis for
wW.

Then cA = ( ) € W. Therefore, W is a subspace of R2*2,

1 0 -1
3 4 01 1
2 [20 pts]. Let L:R°+— R* by L(x) = Az where A = 10 o
11 1
(a) Find a basis for N(L).
(b) Find a basis for the range of L.
Solution. (a) Use the Gaussian eliminations, we have
1 0 -1 1 0 -1 1 0 -1 1 0 -1
01 1 01 1 01 1 01 1
A= — — —
1 0 0 0 0 1 0 0 1 0 0 1
11 1 01 2 0 0 1 00 O

Hence, Az = 0 has only zero solution and so N (L) = {0}.

(b) Note that the range of L is equal to the span of the column vectors of A. From
(a) we know that the columns of A are linearly independent. Thus, the columns of
A yields a basis for the range of L.



3 [40 pts]. For each of the following matrices, find P and J such that A = PJP~!,
where J is in the Jordan canonical form.

101
3 2|, A=12 3 0
0 1 00 1

Solution. (a) Let A be the first one of the above matrices. The characteristic
equation is (1 — A\)2(3 — A) = 0 so that the eigenvalues of A are \; = Ay = 1 and
Az = 3.

Next, find the eigenvectors of A belonging to A\; = Ao = 1. Note that

0 00
A-T=1|1 3 2
0 00
-3
Hence, (A — I)x = 0 yields two linearly independent solutions p; = | 1 | and
0
-2
p2 = | 0 |, which are two linearly independent eigenvectors of A belonging to
1

A1 = 1. To find the eigenvector of A associated to A3 = 3, we solve the system
(A —3I)z =0. Since

-2 0 0 -2 0 0 1 00
A-3[=|12 0 2| — |0 O 2|—1]0 0 1],
0 0 -2 0 0 =2 0 00
0
it follows that the eigenvector ps = [1|. Thus, letting P = [pl D2 pg] yields that
0
A= PJP~! where
1 00
J=10 1 0
0 0 3

(b) Let A be the second matrix given in the problem. Again, one finds easily that
A has eigenvalues Ay = Ay = 1 and A3 = 3. Since

0 01 110
A-I=12 2 0 — |0 0 1
0 0 0 0 00
—1
we see that A has only one linearly independent eigenvector p;y = | 1 |. In order
0
to find pa we need solve (A — I')xz = p;. The augmented matrix for this system is
001 -1
[A—T p]=12 2 0 1
000 O



which yields a particular solution p; = [1/20 —1]. Now we solve (4 — 3I)z = 0
for an eigenvector of A associated to Az = 3. Since

-2 0 1
A-3I=12 0 O
|0 0 -2
o
we find pg = |1|. Thus, let P = [pl D2 pg]. We have A = PJP~! where
0
1 1 0
J=10 1 0
0 0 3
AN 1 0
4 [10 pts]. Let J = | 0 )Xo 1| where \g # 0. Is J is invertible? If so, find J .
0 0 X

Solution. Since det A = A3 # 0, it follows that A is nonsingular. We have

1
Ao A2 A3
Jl=10 1’ _OL
- Ao A2
1
0 0 "

5 [10 pts]. Assume that (A — \oI)?z¢ # 0 and (A — \oI)3z¢ = 0 for some scalar
Ao and vector xg. Let py = (A — Aol )?z0, pa = (A — XoI)xo and p3 = xo. Show that
p1, p2 and ps are linearly independent.

Solution. Consider the pendent equation
aip1 + agpe + asps =0

Multiplying both sides by the matrix (A — Ag)? and using (A — X\o)%p1 = (4 —
MoD)*zog = 0 and (A — Xg)?p2 = (A — Mol)3x9 = 0 yields az(A — \gI)?p3 = 0. That
is, ag(A—NgI)%xg = 0. Since (A—\oI)?z¢ # 0 by assumption, we must have az = 0.
Substitute this into the pendent equation to get a1p1 + aops = 0. Multiplying this
equation by A — \oI gives as(A — Xogl)pe = 0, i.e., ag(A — X\oI)2x¢ = 0 which yields
ag = 0. Thus, the pendent equation reduces to a;p; = 0. Since p; # 0, it follows
that a; = 0. This shows that p1, p2 and p3 are linearly independent.



