MA456/506(UAH) Practice Problems For the Final (April 23, 2008)

1. Solve zu, + yu, = vy with u = 12? on y = z. (Solution: u(z,y) = say + f(¥)

where f is any function such that f(1) =0.)

2. Find the solution in x > 0 of zu, + yu, = v — 2xy with u = 292 +2o0nx = 2.
(Solution: z(1 + Qgc—y)2 —2zy.)

3. Find the general solution of the equation au, + buy + cu = 0 where a,b, c are
constants and a # 0. (Solution: u(z,y) = e~ a® f(bz — ay) where f is any function.)

4. Find the general solution of the equation g, —usy = t + €2*. (Solution: u(z,t) =
f(x+1t)+ g(x —t) +1t3/6 — e2* /4 where f and g are any functions.)

5. Find the general solution of the equation 3uz, — Sugzy — 2uyy + 3ug + uy = 2.
1

(Solution: u(z,y) = f(2z + y)esBV=2) 4+ ¢(3y — z) + %(230 + y) where f and g are

any functions.)

6. Find the solution of the problem on the half line:

Upt — Ugg = 0, O<z<oo, t>0,
u(0,t) =0, t>0,
u(z,0) =sin®z, ug(2,0) =0 0<z<oo

and prove the solution u(z,t) € C?((0,00) x R). (Solution: u(z,t) = 3(sin®(z+1t) +
sind(z — t)).)
7. Solve the problem

Upt — Uggy = 28, —oco<x<oo, t>0,

u(z,0) = u(z,0) =0 —o00 <z < 00.

(Solution: u(z,t) = gat.)

8. Solve the problem

Ut — Ugy = SIN T, —co<x<oo, t>0,

u(z,0) =cosz, u(z,0)=x —00 <2 < 00.

(Solution: w(z,t) = xt + cosz cost + sinz(1 — cost).)



9. Solve the problem
Ut — Ugy = 0, —oco<xr<oo, t>0,
u(z,0) =e " —00 <z < 00.

(Solution: u(z,t) = e!%.)

10. Solve the problem

Up — Ugg = 0, —o<r<oo, t>0,
u(%o):e—x? —oo < x < oo.
I2
(Solution: w(z,t) = \/ﬁe_m_)

11. Solve the problem

Up — Ugy = 0, —co<r<oo, t>0,
2, ifx>0,
“(x’o)_{ 4, ifx<0.

(Solution: wu(z,t) =3 — erf(%\/i).)

12. Solve the Cauchy problem for the advection-diffusion equation
up — kgy + cuy, = 0, —oco<x<oo, t>0,
u(z,0) = ¢(zr), —oo <z < 00.

(Hit: Make the change of the independent variable y = x — ¢t to replace x.)

13. Use the method of separation of variables to find the solution of
Up = Ugq — 4u, O<ax<m, t>0,
u(0,t) = ug(m,t) =0, t>0,
u(z,0) = z(r —x) O<z<m.

Hint. First transform the problem for the new dependent variable v(z,t) = u(z,t)e ™
and then apply the method of separation of variables. Solution:

2n — 1)x

u(z,t) = 8€4tni::1[i(2n — 1) 4 (=1)"(2n — 1) e Cr DA giy ( 5 ]

14. Use the method of separation of variables to find the solution of
Up = Uy, O<zx<m t>0,
Uz (0,t) = ug(m, t) =0, t>0,
u(z,0) = sinz, O<z<m.



(Solution: u(z,t) =2+2> >, %e‘"% cosnz.)

15. Use the method of separation of variables to find the solution of

Ut = Ugg, O<l‘<]_7 t>0,
ug(0,t) = ug(1,t) =0, t>0,
u(z,0) = xcosmx, u(r,0)=1, 0<z<l.

(Solution: u(z,t) = (—5= cos 7Tt+% sint) sinma+2 300, <(7_121)_n1n cos nﬂt+% sin mrt) sinnmz.)

16. Use the method of separation of variables to find the solution of

Ugz + Uyy = 0, 0<a,y<m,
uy(z,0) = uy(x,m) =0, O<z<m,
uz(0,y) =0, wuy(m,y) = cos3y, 0<y<m.

(Solution: u(z,y) = g=—5= cosh 3z cos 3y.)

17. Use the method of separation of variables to find the solution of
Ugg + Uyy = 0, 0<z,y<m,
3
uy(z,0) +u(z,0) =0, u(z,) :sing, O<z<m,

u(0,y) =0, wugx(my)=0, O<y<m.

. 3cosh 3% —2sinh 3¢ . 3z
(Solution: u(z,y) = 5 ¥ sin 5.
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