Math 452/502 Solutions to Problems 19.9, 19.11, 19.14 and a Supplementary
Problem (10/15/03)

Problem 19.9. Let (s,) be a bounded sequence and let S denote the set of subsequential limits
of (s,). Prove that S is closed.

Proof. let S’ be the set of accumulation points of S. In order to show that S is closed, it suffices

to show S" C S. Let t € S'. We shall show that ¢ € S. Since ¢t € S’, there is a sequence (t,,) with

tm € S such that lim, .. t,, = t. Since each t,, € S, there are subsequences (sn<m>) such that
k

limg oot m) = tm for each m =1,2,---, 1. e,
k

Sp(y Sps Sy, o, 8, e = T,
Sp@5 Sp@ Sy, 8@, et = by,
$p®5 S,@5 Sy, 0t S @, = L,
Sn57n), sném)7 Sngm), snim), e = T,

Hence,

. 1
e there is n := n,(ﬁ) such that |s,, —t1] = \snm —t] <1
; x

there is ng := ni)

(3)

with ng > n; such that |s,, — ta] = |sn(2) —to| < 1/2;
ko

e there is n3 :=n,’ with ng > ny such that [Sns — t3| = |sn(3> —t3] < 1/3;

® .- k3

e there is n,, = n,(cm) with 7y, > -1 such that |s,, —tn| = |sn<m,> —tm| < 1/m;
. .

We show that the subsequence s,,, — t as m — oco. This follows directly from the following
inequalities:

1
|5nm -t < |5nm —to| A [t — t| < m + [tm —t|.

Therefore, t € S. This implies that S’ C S. This shows that S is closed.
|

Problem 19.11. Let (s,) and (¢,) be bounded sequences. Show that limsup(s, + t,) <
limsup s, + limsup t,,.

Proof. Let A be the set of subsequential limits of (s, +t,). Let a € A. Then there is a subsequence
(Sny, + tny,) of (8p + t,) such that limg_,o0(Sp, + tn,) = a.

Since (sp, ) is bounded, it follows from the B-W Theorem that (s,,) has a convergent subse-
quence, say (sn,%), such that s,, — sasi — oo for some s € R. A similar argument yields that
there is a subsequence (tnki_ ) such that bn,, —tasj— o0 for some ¢t € R. Hence,

J J

Snp, ttn,, — S+t as j — oo.
vj j
1



Note that (s, +t,, ) isasubsequence of (s,+1%,). Hence, im; o0 (Sn,. +tn, ) =lm,_oo(sn+
ij ij ¥ vj

t,) = a. By the uniqueness of the limit it follows that s + ¢ = a. Therefore, a < limsup s, +
limsupt,. Thus, limsup s, + limsupt, is an upper bound for A which yields

limsup(s,, + t,) = sup A < limsup s,, + limsup ¢,,,

whence completing the proof. O

Problem 19.14. Let (s,) be a bounded sequence. Prove that limsups, = lim, . t,, where
ty = sup{sm, : m > n} for n € N.

Proof. Since (s;,) is bounded, it follows that ¢,, is well defined. We observe that ¢,, is decreasing and

tn > $m for all m > n, so that ¢, > inf{s,, : m € N} > —co. Hence by the Monotone Convergence

Theorem, t := lim,,_,  t,, exists. The problem reduces to show that lim sup s,, = t. That is to show

that ¢ is the largest subsequential limit of (s,). We shall confirm this by the following two steps.
Step 1. Show that ¢ is a subsequential limit of (s,,).

e By the definition of 1, there exists ny > 1 such that t; — 1 < s,,, <113

By the definition of ¢,,,, there exists ny > ny such that ¢,, — 1/2 < s, < ty,;
By the definition of t,,, there exists ng > ng such that t,, — 1/2 < sy, < tp,;

b

By the definition of t,,, _,, there exists ny > ng_1 such that t,, , — 1/k < sp, < tnp_y;

Hence s, is a subsequence of (s, ). Since
by — 1/k < Spy, <tnp_ys

and limy o0 tp, = lim, o0 t, = ¢, it follows from the Squeeze Theorem that limg_. o t,, = ¢. This
shows that t is a subsequential limit of (s,).

Step 2. Show that if s is a subsequential limits of (s,,), then s <¢.
Let s be a subsequential limits of (s,). Then there is a subsequence (s,,) of (s,) such that
limy o0 8n, = s. Note that s,, <t,,_1) for each k € N. We have
s = lim s,, < lim ¢4, 1) = lim ¢, =1{.

k—oo k—o0 n— o0

Supplementary Problem. Assume that lim, .., s, = s with s € R. Show that

. S1t+ st + 8y
lim =s.
n—oo n

Proof. First note that there is a M > 0 such that |s,, —s| < M for n € N. Given an € > 0, there
exists an integer N7 > 0 such that |s,, — s| < ¢/2 for n > N;. Note that for n > N;, we have

sitsatedsn | fsiosltlsa s[4 Al —s| | s — sl s — 8]
n - n n
N1 M — N N1 M
< 1 + (n 1)€ < 1 _'_E. (0.1)
n 2n n 2

Below are the two arguments to finish the proof.



3

Method 1 (by the definition of the limit). Let N = max{Ny,2N;M/e}. Then for n > N, we
have Ny M /n < €/2 and so by (0.1),

S1+ 82+ -+ 8y
n

<e+e
-4+ - =ce
2 2
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Method 2 (by the property of limit superior). Taking limit superior on both side of (0.1), we

have
. NiM ¢ €
< lim sup + =) ==

n—00 n 2

s1+ 824+ 5
n

lim sup

n—oo

— S

Since € is an arbitrarily positive number, it follows that

. S1+82+ -+ 5p
lim sup -5/ =0
n—o00 n
which implies that
lim Sl+s2+.”+s"—s =0,
n—oo n
and so
n—oo n
and so
S1+8+ -+ 58,
1 =5
n— 00 n



