Summary on the 2nd-order Euler equation

Consider the homogeneous second-order Euler equation
az®y" +bxy +cy =0 (x #0) (1)

which has solutions of the form y(x) = " where r is a constant satisfying the indicial
equation

ar(r—1)+br+c=ar’*+ (b—a)r+c=0. (2)
The general solution of (1) is given as follows.

e If (2) has two distinct real roots r; and 72, then the general solution of (1) is
given by

y(z) = crlz|™ + colz|™.

e If (2) has a repeated roots r; = 7o, then the general solution of (1) is given
by

y(x) = cr|x|™ + colz|™ In|z| = |z (c1 4+ c2In |x])

e If (2) has two distinct complex conjugate roots r; = a+if and ro = o — i3,
then the general solution of (1) is given by

y(x) = c1|x|¥ cos(B1n|x|) + c2|x|* sin(F 1n |z])
= |z|*[c1 cos(B1n|z|) + cosin(B1n|z|)].



